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Abstract 

In this note we prove a correspondence between the Wess-Zumino-Novikov- 
Witten model of the Lie supergroup GL(1|1) and a free model consisting of two 
scalars and a pair of symplectic fermions. This model was discussed earlier by 
LeClair. Vertex operators for the symplectic fermions include twist fields, and 
correlation functions of GL(1|1) agree with the known results for the scalars and 
symplectic fermions. We perform a detailed study of boundary states for symplec- 
tic fermions and apply them to branes in GL(1|1). This allows us to compute new 
amplitudes of strings stretching between branes of different types and confirming 
Cardy's condition. 



1 Introduction 



Conformal field theories with supersymmetric target space has become an important 
area of current research. They are essential in a variety of significant problems both in 
string theory and in disordered systems. 

Understanding sigma models on supersymmetric spaces deep in the strongly coupled 
regime is of primary importance. In many models one believes that there exists a dual 
description which is better accessible in such a regime. The most prominent example is 
certainly the celebrated AdS/CFT correspondence [I1I2], but there are, of course, other 
interesting dualities involving sigma models on supersymmetric spaces. For example, 
recently a strong-weak duality between the OSp(2N+2|2N) Gross-Neveu model and the 
principal chiral model on the supersphere ^^^^Isa^+i ^g^g conjectured pi 3]. 

There are various ways to find and to test such correspondences. Many supersym- 
metric spaces possess a family of conformally invariant field theories, and points in the 
moduli space that are exactly solvable e.g. the Wess-Zumino-Novikov-Witten point on 
supergroup manifolds or the infinite radius limit of the principal chiral model on the su- 
persphere. In these cases, one way to test a duality is to compute certain quantities, 
e.g. some boundary spectra, at this solvable point and perform the perturbation to other 
points in the moduli space exactly This method has successfully been applied to 
the supersphere/Gross-Neveu correspondence The question remains how to actually 
prove such a correspondence. The case = in the Gross-Neveu-supersphere duality is 
the well-known correspondence between the 0(2) Gross-Neveu model, that is the mass- 
less Thirring model, and a free boson on the circle, i.e. bosonization [7]. Unfortunately, 
the proof does not generalize straightforwardly, but still we believe that bosonization 
techniques will turn out to be crucial in understanding the correspondence. 

If there is a simpler model at hand, it is a good idea to study it in detail to gain 
insight and to establish techniques for the more complicated models. This leads us to 
the GL(l|l)-symplectic fermion correspondence. The GL(1|1) WZNW model is probably 
the best understood CFT with supersymmetric target space that is not free. There 
exists another CFT with GL(1|1) current symmetry [S], which was used to study the spin 
quantum Hall transition. This CFT is constructed from the OSp(2|2) Gross-Neveu model 
at the free point via bosonization and it automatically has GL(1|1) symmetry since the 
OSp(2|2) Gross-Neveu model is constructed from a spin one half vector transforming in 
the adjoint representation of GL(1|1). This model consists of two free scalars and a set of 
symplectic fermions. The symplectic fermions were first analyzed in detail in P,lin]- The 
first part of this note is devoted to showing the correspondence between these models. 
The technique we use is based on bosonization, but in addition we use the affine currents 
as a guideline which we hope is also useful for other Gross-Neveu-like models. 

The correspondence, we find, is remarkable in its own right since the GL(1|1) WZNW 
model is an interacting theory, while the corresponding model is free, and the bosons 
are completely decoupled from the fermions. The non-triviality is hidden in the vertex 
operators, i.e. the GL(1|1) vertex operators in the free description contain twist fields 
of the fermions and it turns out that the computation of bulk correlation functions in 
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both descriptions is of a similar complexity. Still our method provides a new approach 
to WZNW models on Lie supergroups. So far, the models have been investigated either 
algebraically [11] or in terms of fermionic ghost systems [121 [131 [H [IS]. Hopefully, 
there exist generalizations of our approach to other Lie supergroups leading to a better 
understanding of them. 

In the second part of this note, we apply the correspondence to branes in GL(1|1). 
For the understanding of Cardy boundary states, the free description is better adapted 
than the original one. GL(1|1) possesses two classes of branes. One of them, the so-called 
untwisted branes which geometrically describe superconjugacy classes in the supergroup 
manifold, have been studied in detail in [16]. It was found that amplitudes of boundary 
states satisfy Cardy conditions [IT] and that they agree with fusion, as expected from 
experience with rational CFT [H] and also logarithmic CFT [I9]. The second class of 
branes contains just one volume- filling brane. This brane has been investigated in [15], 
i.e. its correlation functions have been computed, but also the boundary state has been 
constructed and tested. For a complete description of boundary states one still needs to 
understand amplitudes of strings stretching between a twisted and an untwisted brane. 
In our new description this can be done straightforwardly. The final result is that Cardy 
conditions are still satisfied, and essentially all known results of branes on Lie groups 
carry over to the Lie supergroup GL(1|1). 

The structure of this note is as follows. In section 2 we verify the correspondence in 
detail. We explain how the currents are used as a guideline to prove the correspondence, 
and we check the correspondence by comparing correlation functions. Section 3 gives a 
detailed discussion of boundary states in the symplectic fermions, including twist fields. 
In section 4 we apply the results of the two previous sections to complete the discussion 
of GL(1|1) boundary states. 

2 The GL(l|l)-symplectic fermion correspondence 

In this section we will set up the notation and show the relation between the GL(1|1) 
WZNW model and the free scalars and symplectic fermions. Finally, we will comment on 
the bulk correlation functions. 

2.1 The GL(1|1) WZNW model 

Our starting point for the relation between the GL(1|1) WZNW model and the free 
theory will be the first order action for GL(1|1) found in [12]. To set up the notation 
used in this paper we recall a few facts about the gl(l|l) superalgebra. It is generated 
by two bosonic elements E, N and two fermionic which have the following non-zero 
(anti) commutator relations 
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Further, we have a family of supersymmetric bihnear forms, but below we will always 
work with 

stT{NE) = str(V^+?/;-) = -1. (2.2) 
For the GL(1|1) supergroup we choose a Gauss-like decomposition of the form 

g = ^ci,- ^XE+YN ^-c^i,+ _ 

The WZNW model thus has two bosonic fields X{z, z),Y{z, z) and two fermionic fields 
c±{z, z), and the action takes the form 



k f - k f 

SwzNw[9{X,Y,c±)] = ^J d^z{g-^dg,g'^dg) + — J {g'^dg,[g'^dg, g'^dg]) 



k 

Air 



I d^z {-dXdY - dYdX + 2e^ dc+dc.) 

JT. 



(2.3) 



where k is the level. Variation of the action leads to the usual bulk equations of motion 

The holomorphic current of the GL(1|1) WZNW model is in our notation given by 
kdgg~^. The components corresponding to the generators are 

= -kdY, = -kdX + kc.dc+ , 

J- = ke^dc+, J+ = -kdc. - kc.dY , (2.4) 

Similarly, for the anti-holomorphic current —kg^^dg the components are 

= kdY, = kdX - kdc_ c+ , 

J+ = ke^Bc, J- = -kdc+ - kc+dY . (2.5) 

Let us also mention that the modes of this affine algebra satisfy 

where we note that the modes can be rescaled such that the algebra is independent of the 
level k. Equation (12.61) corresponds to the OPE 

J.(,„B(„)._,f^£(d£)+IMi. (2.7) 

{z — wy z — w 

2.2 First order formulation 

Following [12j we will now pass to a first order formalism by introducing two additional 
fermionic auxiliary fields b± of weight A(6-|-) = 1. Naively, the action would be 

^ j d^z (^-kdXdY - kdYdX + 2h+dc+ + 2h.dc. + ^e~^6_fe+^ . (2.8) 



This reduces to (12. 3p if we integrate out b± using their equations of motion 

fe_ = /c(9c+ exp F, 6+ = — A;9c_ exp F. (2.9) 

However, we get a quantum correction in going from the GL(1|1) invariant measure used 
for the action in (12.31) to the free- field measure VXVYVc-T)c+Vb-Vb+ that we want to 
use for our first order formahsm. In analogy with [20j the correction is 

Indet {\p\-^e-^de^d) = ^ j d^z (^dYdV + ^y/GUY 

Here G is the determinant of the world-sheet metric and TZ its Gaussian curvature. |pp 
is the metric and we have the relation \/GTZ = 499 log |pp. We thus get a correction 
to the kinetic term and a background charge for Y. The first order action including the 
correction is 

S{X, Y,b±,c±) = ^ j d'^z(^- kdXdY - kdYdX + dYdY + ^^TIY 

+ 2c+db+ + 2c_(96_ + ^e~^6_6+^ . (2.11) 

We also get a quantum correction to the current. This will happen where we have to 
choose a normal ordering of the terms in the current (12.41) . We fix this by demanding that 
the currents obey the OPEs (12. 7p . Indeed, we have to add dY to to ensure that it has 
a regular OPE with itself. Thus the holomorphic currents in the free field formalism are 

= -kdY, = -kdX + c^b^ + dY , 

J- = b., J+ = -kdc^ - kc^dY , 

where we here and in the following suppress the normal ordering. We get similar expres- 
sions for the anti-holomorphic currents. 

2.3 The correspondence 

If we integrate out b± in (12.111) we would simply obtain the GL(1|1) WZNW model. 
We will now show that if we instead bosonize the be system to obtain a system of three 
scalars, it is possible to perform a field redefinition such that one of the scalars decouples. 
We can then return to a new b'd formalism and integrate out b'^ to arrive at a decoupled 
theory of two scalars and a set of symplectic fermions. 

In this process the current becomes more symmetric and simple. It can be seen as a 
guideline for which transformations to perform and we will therefore explicitly follow the 
transformation of the current in each step. 

We will start by only discussing the transformation of the action and the current. The 
map of the vertex operators will be determined in the next subsection. 
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To begin we bosonize the be system in (12.111) in the standard way [2T 



c± = e" ' , b± = e-P ■ , 

c^db^ + c_db_ = —\dpdp + ^VCTZp, 
2 8 

6„c_ = -dp^, (2.12) 

where we denote left and right components of scalars by superscripts L, R. In the currents 
we hkewise have to introduce left and right indices and the holomorphic currents then 
become 

= -kdY^, = -kdX^ + dp^ + dY^ , 

J- = e-p\ J+= -kd{p^ + Y^)ep\ (2.13) 

and the action is 
5(X,r,6±,c±) = I dPz[-kdXdY -kdYdX + dYdY+ 



dpdp + ^ VG7^(F + p) + ^e-^-^ 



(2.14) 



We observe, both from the current and the action, that it is very natural to go to 
variables F, Z, p' where 

p' = F + p, Z = kX - p-Y = kX - p. (2.15) 

The currents and the action in these variables are 

= -kdY^, = -dZ^, 

J- = e""'-^", J+ = -kdp"^e^"-''\ (2.16) 



S{X, Y, 6±, c±) = ^ J d?z (^-dZdY - dYdZ - dp' dp' + ^ VG7^p' + ■ (2-17) 

Hence we got a theory of two scalars decoupled from a Coulomb gas with screening charge. 
For calculation of correlation functions this is a very efficient formulation of the theory. 
We will, however, go one step further and rewrite the screened Coulomb gas in terms of 
symplectic fermions. 

We thus return to a b'c' system using again (12.121) . but now for the field p'. This gives 
us the following simple expressions 

= -kdY^, = -dZ^, 

J- = e^^6'_, J+ = -A;e-^^9c'_ , (2.18) 
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S{X, Y, b'±, 4) = ^ j (fz (^-dZdY - dVdZ + 2c'^db'^ + 2c'_dbi + ^&-&v) 



(2.19) 



We can now integrate out the fields b'_^ getting the equations of motion 

b'^ = -kdc'_, b'_ = kdc'^ , (2.20) 

and arrive at 

Six, Y, c±) = / d^z i-dZdY - dYdZ + 2kdc'dc'_) . (2.21) 

Of course, we have to be careful when the vertex operators depend on b'. As we will see 
below, the vertex operators for typical representations will be twist operators which we 
interpret as not containing b. 

To remove the dependence on the level k in the action we introduce x° by 

Vkc'_, = x\ Vkc'_ = x\ (2.22) 

and the currents and action are then 

= -kdY^, = -dZ^, 

J- = Vke^'dx\ J+ = -Vke-'^'dx', (2.23) 



Six, Y, X") = i- f d\ {-dZdY - dYdZ + eabdx^dx') • (2.24) 

where the anti-symmetric symbol is defined by ei2 = —621 = 1. This gives the OPEs 

X''iz,z)x\w,w) ^ -e''Hn\z-w\\ 
Ziz,z)Yiw,w) r^\n\z-wf . (2.25) 

where e^^ = —1. This is the action and current that was constructed in |B]- In that 
reference it was also found that the action has an enlarged OSp(2|2) symmetry. 

For future reference, let us sum up the correspondence between the symplectic fermions 
and the underlying b', d system. We have 

Bx^ = Vkdc'+, = ^dc'_ = — ^6'+, 

dx^ = Vkdc'^ = -^b'_, dx^ = Vkdc'_, (2.26) 

which will be useful in the next section where we study what happens to the vertex 
operators. 
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2.4 Mapping of the vertex operators 

We now consider the mapping of the GL(1|1) vertex operators under the transforma- 
tion that we found in the last subsection. The basis of vertex operators to be used with 
the first order action fl2.1ip were found in [12] by a minisuperspace analysis. We will here 
use the notation of [15j and write the operators as 

l.,_.,_„,,= :e— ;_-), (2.27) 



and the conformal dimension is 



A(e,n) = ^(2n-1 + |). (2.28) 



For e 7^ mk, where m is an integer, the columns of this matrix will correspond to the 
two-dimensional representation (— e, —n + 1) for the left-moving currents while the rows 
correspond to the representation (e, n) under the right-moving currents. 
Let us first consider the transformation giving us (12. 17^ : 

x = lip' + z), 

c_ = e''"-^', 6_=e-''"+^'. (2.29) 
This maps the vertex operators to 

= : ef (^^,;_,. ''IS) . (2.30) 

Here we generally split scalar fields into the left and right handed part as p' = p'^ + p'^. 
Some comments are in order here: Firstly, rather than thinking of e.g. c_ in (12.271) as 
a function to be evaluated under the path integral, we have here used bosonization and 
will think about the vertex operators in the operator formalism. This means that c_ is a 
holomorphic operator. Secondly, for the Y Z system the vertex operators are 



^{-e-n+1) — y . ^£Z+nY^ + {n-l)Y^ . . g|Z+(n-l)y . ) ' (2-31) 



whereas for the p' system they are 



V(„e,-n+l) - [ . g|p'L + (|+i)p'fl . . g(f +l)p' . J • l^-^^J 



Thus in the off-diagonal terms, the splitting into holomorphic and anti-holomorphic parts 
means that the correlation functions calculated in respectively the YZ system and the 
p' system are not separately real, but only the combined correlation function can be 
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expressed in the absolute values of the insertions Zi. Also, we see that around the off- 
diagonal terms in the operator (12.311) the field Z gets an additive twist. The overall twist 
vanishes due to charge conservation for Y . 

Since p' now appears with non- integer momenta, we see that in going to the 6', d 
system with action fl2.19p we get twist operators. Precisely, the vertex operator fl2.32p 
maps into 

T/F _ ( f^e/kf^e/k f^e/k+lf^e/k \ (r, oo\ 

V{-e-n+l) - I ~L ~R ~L ~R I , l^->i>5J 

\f^e/kf^e/k+l f^e/k+lh^e/k+1/ 

where the twist states are defined by 

c'_(e2-^)/ii(0)= 6^-^/1^(0). (2.34) 

This is solved by 

fxi ^ : : , (2.35) 

but only uniquely in A modulo integers and, naturally, up to a normalisation. The con- 
formal dimension is — |A(1 — A) so the ground states have < A < 1. We can step A up 
and down with respectively c'_ and b'_ e.g. 

c'_{z)flji{0) ~ ^pti(O)- (2.36) 



Also note that 



/if ^ : eV^ : , (2.37) 
fulfills 

c;(e-2"'^)/if (0) = (0). (2.38) 

Since /if gives opposite transformations compared to the holomorphic operator /if, but 
has the same dimension — |A(1 — A), it in many ways compares to fti_x- 

To obtain the symplectic fermions requires integrating out b'. This means that the 
anti-holomorphic part of c'_ is non-trivial in the OPEs. As an example, c'^_ and c'_ with 
action (I2.2ip have a singular OPE that is ~ In |2; — wf. However, using equations (I2.26P 
we get the mapping of dc'_ and b'_ to the holomorphic operators dx^ and dx^- Likewise, 
dc'_^ and b'_^ will correspond to the anti-holomorphic operators dx^ and dx"^- 

One has to be careful since we in principle can not integrate out b' when the vertex 
operators depend on b'_b'_^_. However, for the twist operators it seems plausible since, at 
least for A > 0, we can naively think of fi\ as c'^. To check this we will in the next section 
compare the correlation functions to the already known calculation for the symplectic 
fermions. The twist fields in the b', d system then directly translates into twist fields of 
the symplectic fermions. The symplectic fermion twist fields are defined by [10] 

X^(e2-^)/x,(0) = e-2-^x'(^)/"A(0), x\e^^^z)^^M = e'^''x\z)f^x{0), 
X^(e-2-z)/x,(0) = e-2-^x'(^)/iA(0), x\e-''''z)fx,{0) = e'-^'fiz)f,M, (2-39) 
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where ^-iid has to transform oppositely to give a symmetry of the Lagrangian. Here 
we have spht the symplectic fermions into their chiral and anti-chiral parts x'^i^y^) = 
X°'{z) + x"'{z). The anti-holomorphic part must transform in the same way under z i-^ 
g-27rj^^ but importantly A can differ by an integer between the holomorphic and anti- 
holomorphic sector. The condition fl2.39l) is fulfilled by /i^/if and the other operators 
in fl2.33p . However, we have done the rescaling fl2.22p so if we think of the twist operator 
as (c'_)'^ we should choose the following normalisation: 

= v^'/,^ = v^' : : , (2.40) 
and similarly for the anti-holomorphic part. Thus the vertex operator fl2.33p maps into 

T/F ^A--f( ^^/kf^^/k T^/^e/fe+i/^f/fc ] /2 4n 

^ ft I J_ L R I L ..R • 



A notation with splitting into left and right part, like in the b'c' system, turns out to be 
useful. The twist values can be stepped up and down using the following OPEs: 

dx\z)f^'xiO) ~ dx'{z)^i{0) ~ ^/xti(O), (2.42) 



and correspondingly 

dx\z)^^^{0) ~ ^/^ti(O), df{-z)fi^{0) ~ -^.f^UiO). (2.43) 

We note here again that up to a sign the anti-holomorphic side is understood by seeing 

To conclude the total vertex operator V(_e,-n+i> in the YZ and symplectic fermion 
system with action fl2.24p takes the form 

V{-e,-n+l) ^ t j_ _ |^+„yi+(„_i)yfl . r r i _ £z+(n-l)y . L R 

■ ^ • A^e/fc/^e/fc+l k-^ ■ f^e/k+lf^e/k+l 

(2.44) 

We note that equations fl2.42p can be used to check that the columns of this operator trans- 
form in the (— e, —n + 1) representation of GL(1|1) under the left-moving currents (12.231) . 
These operators are indeed close to the operators found in pj. Let us now check the 
operators in correlation functions. 



2.5 Bulk correlation functions 

We will now compare the correlation functions of the primary fields fl2.27p obtained 
in the GL(1|1) model to the calculations done for the symplectic fermions in [lOj. The 
similarity was already noted in [T2|. 
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Let us first note that from equations (12.311) and fl2.32p the vertex operators fl2.27p in 
the Y, Z, p' picture (I2.17P takes the form 

V^-e,-n+i)l = : e^^+(^~'^^y'+(^~^)y%(i+-)p''+(T+^)p''' : , (2.45) 

where a, (t G {0, 1} labels respectively the columns and the rows. 
We consider the three-point function 

A = (r<_,,,_„,+i)^;(2;i)V(-e„-n.+i>:^(;^2)V(_,3,_.3+i)^^(;.3)). (2.46) 

The correlation function splits into a YZ and a p' part, A = A^A^ . The YZ part is easily 
evaluated to be 

i i i 

X Y[{zi - Zj)*^"^""^^"^^^"'""'^!^* - %)^("^-'^^)+^("'-^»), (2.47) 

i<j 

where the indices run from 1 to 3. The (5-functions follow directly from the and 
currents. The p' part is also easily evaluated. Here one has to remember that the overall 
p' charge has to sum to one due to the background charge of p'. This means that we can 
maximally have two insertions of the interaction term of the action (12.170 . However, as 
was commented in [T^, the part with two interaction terms vanish. The part with one 
interaction term is calculated using the Dotsenko-Fateev like integral used in [T2] . We get 



A^ = 6{J2^,- 1)5(5^ a, - 1) n(^. - z.Y'^^^^^^^^^^Hz. - z^^'' 

i i i<j 

r(l-^-ai)r(l-f -a2)r(l-f -as 



' ^ r(f + a3)r(t + a0r(f + a,) 

X Y[{z, - z,p+'^^-'^^^-^+'^^-'\z, - z,fT+^^-')i^+^.~^), 

i<j 

(2.48) 



where the first part is for no interaction term and the second part for one interaction 
term. We have here used that ^ • Cj = due to the delta-function from the YZ part of 
the correlation function in (12.471) . 

If we combine the two parts in (12.471) and (I2.48P the symmetry between the holomor- 
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phic and anti-holomorphic sector is restored and we arrive at 



^ i i i<j 



1 X X, . ^_ r(i - ^ - cTi)r(i - f - (J2)r(i - f - ^3 

-5{^ai-2)5{^ai-2){-V"'^"' 



y vz^ ' ' r(f + a3)r(f + ai)r(f + ^2) 

X Y (2.49) 



as was derived in This indeed supports the vahdity of our decouphng of the GL(1|1) 
WZNW model into a set of free scalars and the p' system with action fl2.17p . The resuh 
may not look local, e.g. does not seem to be symmetric in interchanging operator 2 and 
3, due to the asymmetric- looking F functions. However, these can be rewritten in the 
following symmetric form 

( 1 w3+.3 r(i - f - ^i)r(i - f - - f - ^3) ^ n " ^) 



r(f + ^3)r(t + ai)r(f + a2) V r(f) 



(2.50) 



As we see from the result f l2.49p one has to be careful in the limit when is an 
integer multiple of k. As was shown in \12\ this gives logarithmic correlation functions. 
For now let us not consider these limits. Thus we get genuine twist operators when 
going to the symplectic fermions and the twists are Aj = Ci/k + at in the holomorphic 
sector and Aj = Cj + ai in the anti-holomorphic sector when we compare equation (I2.45P 
with (12.411) . As we see from the vertex operators in (I2.4ip . the results that we expect 
from the symplectic fermions to comply with correlation function (12.481) are 



(/i^^(Zl)/iJ(Zl)/it,(^2X(^2)/UA3(^3)/if3(^3))sF = \{{Z, 

for ^A, = ^Ai = l, (2.51) 



and 



K(^l)/^fi(^l)/"A,(^2)/iX,(^2)/U^3(^3)/iX3(^3))sF 

^ ' r(Ai)r(A2)r(A3) i i 



(2.52) 
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where A* = 1 — A and the subscript SF means that the expectation value is calculated 
using the symplectic fermion part of the action (12.241) . Here fi\ are the twist operators 
defined in eq. f l2.39p . We have also used that in going to this expectation value under 
the rescaling (12.221) we have to multiply the correlation functions with an overall factor 
of k. This is because the correlation function normalisation is relative to the correlator 
of X^X^ c'+c'_ in the b'c' system in eq. (I2.19p . This simply means that the dependence 
on k disappears due to the normalisation in eq. (12.401) as is expected. 

We want to compare this to the calculation of bulk twist correlators done by Kausch 
in [To]. In that paper, of course, only twist fields with identical twist in the holomorphic 
and anti- holomorphic sector are treated so we take Aj = Aj. Further, we have to remember 
that the twist fields are only defined up to normalisation. To compare with Kausch we 
use one of the equations (12.511) . (12.521) to fix the normalisation and can then compare to 
the second one. The normalisation is fixed by defining 



/^A^f = -J^/^A. (2.53) 



Then we get 



{fix^izi, zi)fix^{z2, Z2)fix,{z3, Z3))sF = JJ \/ fj^^j H '^^ ~ Zjf for ^ Ai = 1, 



i<j 



i<j 



(2.54) 



which is exactly as in [TO]. We can also compare with the two-point function which is 
easily calculated and also get a match here. Note, however, that in [L0\ only ground state 
twist fields with < A < 1 are considered. Our results thus compare precisely in this 
range, and are the analytic continuation of the twists A for the results in [TU] . 

In the case where we allow the Cj to be zero or an integer multiple of k, we have to 
take into account the zero modes of the symplectic fermions. This gives four different 
ground states in the symplectic model - two fermionic and two bosonic, where the last 
two span a Jordan block for Lq. The result is that we get logarithmic branch cuts in 
the correlation functions. This can be seen from the GL(1|1) side where the F functions 
diverge when A becomes integer [12]. Thus we also get agreement from the two sides of 
the correspondence here. 



3 Branes in the symplectic fermions 

Now, having established the correspondence, we want to apply it. There are two 
apparent applications. For point-like branes in the GL(1|1) WZNW model, so far it 
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could be argued that correlators containing only boundary fields behave like untwisted 
symplectic fermions [15] , but it was not possible to handle insertions of bulk fields. Now, 
we are in a position to approach the problem of computing correlation functions involving 
bulk and boundary fields. We will refrain from this problem for now, but keep it in mind 
for future research. Instead, we reconsider the study of boundary states. Recall that the 
group of outer automorphisms of GL(1|1) is Z2. The branes corresponding to the trivial 
gluing automorphism we call untwisted and their boundary states have been studied in 
|16j . The non-trivial automorphism only admits one volume-filling brane, which we call 
twisted. Its boundary state has been studied, with quite some effort, in [15]. With the 
GL(l|l)-symplectic fermion correspondence, we can easily reproduce these results, but 
also compute spectra of strings stretching between an untwisted and a twisted brane. 
This gives, finally, a complete discussion of Cardy boundary states. It will turn out 
that the boundary states indeed satisfy Cardy's condition, i.e. the amplitude is a true 
character. 

As we have seen, the GL(1|1) WZNW model can equally well be understood in a theory 
of scalars and symplectic fermions. Since boundary states with symplectic fermions have 
not been discussed in completeness before, we start by a quite general analysis of these. 
For earlier works on boundary models of symplectic fermions see [22| [23l 125] . 

3.1 Boundary conditions 

We start our considerations by investigating possible boundary conditions. The energy 
momentum tensors are 

Tiz) = -\eab : dx'^dx'' : , T(^) = -\eab : ax^^x' : • (3.1) 
They preserve the symplectic fermion symmetry and coincide along the boundary if 

dx = A dx ioi z = z , (3.2) 

where A= (^rf) is a matrix in SL(2) and for convenience we combined the two fermions 
in the vector x = ^2 ^ In terms of Dirichlet and Neumann derivatives {d = |9„ — 
and d = + i^dn) the boundary conditions are 

A — 1 

-idnX = -j-—^ duX (3-3) 

provided 1 + A is invertible. Then the action on the upper half-plane is 

1/" - if A — \ 

^ = d'zdx'Jdx + ^ J dux'J^^d^x, (3.4) 

z=z 

where the matrix J is J = ( ? ) • The variation of this action vanishes provided the 
above boundary conditions hold as well as the bulk equations of motion ddx^ = 0. If 
1 + A is not invertible it has characteristic polynomial A^, i.e. if 1 + A = there are 
Dirichlet conditions in both directions while otherwise there is one Dirichlet and one 
Neumann condition. Note that these cases resemble the atypical branes in GL(1|1) [26\ . 
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3.2 The Ramond sector 

We first consider the Ramond sector, by which we mean the symplectic fermions 
without any twist fields, or in the language of modes meaning only integer modes appear. 
The explicit mode expansion is 

X\z, ^) = r + Xl In - E + -^"^"^ (3.5) 

where the modes satisfy 

= -me'^'Sm,-n , {rm.tn} = '^e'^' and {r,Xo} = e"^' • (3.6) 

All other anti-commutators vanish. Note that for locality we have required Xo = Xo- 

In this section we construct the boundary states in the Ramond sector, compute the 
amplitudes and construct the corresponding open string model. We start the discussion 
of boundary states by investigating Dirichlet conditions in the two fermionic directions. 

3.2.1 Dirichlet conditions 

Let us first remind ourselves that if we have an extended chiral algebra given by W{z) 
and W{z) we need an gluing automorphism, f2, for the boundary [27] : 

W{z) = Vt{W){z) ioi z = z. (3.7) 

This is as in equation (13. 2p for the gluing of the currents. We now pass to closed strings 
via the world-sheet duality. The gluing conditions then become the following Ishibashi 
conditions for the boundary states |«))f^ in the CFT on the full plane: 

{W^-[-lf-'^{W.n))\a))^, (3.8) 

where hw is the conformal dimension of W . 

Using (13.81) we see that for the Dirichlet boundary conditions (A = — 1 in (13. 2p ) the 
corresponding Ishibashi states have to satisfy 

{xl-X-n)\D)) = for a = 1,2, (3.9) 

note that there is no condition on xt because of the locality constraint Xo "~ Xo = 0. The 
Ishibashi states are explicitly constructed as 

|Do)) = v^exp(E„>o^(x'-™Xi,n-xi™xU)|0)' (3-10) 
\D^)) = e exp(E„>oi^(x'„.X^™-X^™xU)|0), (3.11) 
1^2)) = ^ exp(E„>o^(x'-™X^^-xi^xU)|0)' (3.12) 
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where the ground state |0) is defined by Xn|0) = for n > 0. The dual Ishibashi state is 
obtained by duahzing the modes using (here m > 0) 

X-J = xln and X-J = -xL ■ (3-13) 
For the computation of amphtudes we need the Virasoro generators, they are 

-^n = ~'^^ah '■ Xn-mXm '■ (3-14) 

m 

and the central charge is c = —2. Define q = exp27rzr and q = exp(— 27rz/r) as usual, 
where r takes values in the upper half plane. Then the non-vanishing overlaps are 
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{{D^\q^o-^^^{-lf'\D^)) = -{{D^\q^o+^.(-lf'\D_)) = r^{r)\ (3.15) 
((/^2|g^°+^ (-1)^1/^2)) = -^rv{rf = r^(f)^ 
where Lq = Lq + Lq. Thus only \D2) makes sense as a boundary state. 

3.2.2 Neumann conditions 

Next we would like to display the boundary state \A) for our general boundary con- 
ditions (13.21) . It has to satisfy the Ishibashi condition (13. 8p 

Xn + aX-^ + bxWA)) = 0, 
xl + cX-n + dX-JA)) =0, 

which are satisfied by 

\A)) = A/" exp(^-^-^(ax!^X-m + &X-mX-m-cximX-m-f^ximX-m))|0). (3.17) 

m>0 

The dual state is 

PI = Af ((0| exp(- ^ l(-ax^X™ + bxlxl - cxlxln + dxlxl)) ■ (3-18) 
It will turn out that the normalization should be fixed to be 



Af = V2n2 sinvr/i, (3.19) 

where we introduce /i via a = exp 27riyU by — tr(A) = a + a~^. 

Now it is straightforward to compute amplitudes between two boundary states. Any 
non-zero amplitude requires the zero modes of x^ and hence only the Dirichlet boundary 
state has non-vanishing overlap with any Neumann state: 

{{A\q-2'^o+^^{-ir\D,)) = J^q^.l[(l-a^2qna-c^l2Qn■ (3-20) 

15 



Upon modular transformation this amplitude is the spectrum of an open string stretching 
between two branes with respectively Neumann boundary conditions given by A and 
Dirichlet conditions. Using the formulas provided in the appendix equation fl3.20p becomes 



^'^'^ m>0 n=0 

Now, we construct the boundary theory of a string stretching between these two branes 
and check that its spectrum is indeed given by the amplitude we just computed, we 
follow [28]. Therefore consider the upper half plane, and demand boundary condition A 
for the negative real line, i.e. 

dx = Adx ior z = z and z + z < ; (3.22) 

and Dirichlet conditions for the positive real axis 

duX = ioT z = z and z + z > . (3.23) 

Then the fields have the following SL(2) monodromy (counterclockwise) 

dxize'""') = -Adxiz), (3.24) 

and similar for the bared quantities. Denote by S the matrix that diagonalizes the mon- 
odromy, i.e. S{—A)S~^ is diagonal. We denote the eigenvalues by a^^. Further, call the 
eigenvectors dx^, they then have the usual mode expansion [10] 



n± a 



The original fields are then explicitly 



Their partition function is 

oo 

tr(g^«-^(-l)^) = (3.27) 

n=0 

The computation has been done similarly by Kausch [10]. We see that the result fits 
with fl3.20p and the Cardy condition is fulfilled. Thus, we nicely estabhshed our boundary 
state and the open string theory it describes. 

If we want to investigate amplitudes involving Neumann boundary states on both 
ends, we learnt [2Hj that it is necessary to insert additional zero modes in order to obtain 
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a non- vanishing amplitude. Also introduce ai2 via tr(AiA2 ^) = ai2 + ai2^ then we get 



m>0 



n=0 

(3.28) 

where 

M2 = 4vr^^^^^^/^l^^. (3.29) 
sin 7r/ii2 

The open string theory is constructed almost exactly as above and again resembles [28]. 
We demand boundary condition Ai for the negative real line and A2 for the positive one, 

r, _ j AiBx ii z = z and z + z < Q 1"? qn^i 

^ ~ \ A2dx \iz = z and 2 + z > . ^ ^ ^ 

The fields have the following SL(2) monodromy 

dxize^n = A.A^'dxiz). (3.31) 

Let 5* diagonalize the monodromy, then its eigenvalues are and we call the eigenvectors 
again dx^- They have the mode expansion 



VA^e^ + E ' (3.32) 



note the extra zero mode, since the monodromy does only concern derivatives. Its parti- 
tion function with appropriate insertion is 



00 

tr(xVg^''"^(-l)'') = Msg^^^^^-^)'-^ (3.33) 



n=0 



and coincides with fl3.28p as desired. 

3.3 The Neveu-Schwarz sector 

In this section we study the boundary states in the Neveu-Schwarz sector. The states 
have to satisfy the usual Ishibashi condition 

xi + aX-r, + bf_JA))^s = 0' ^334^ 
xl + cx^^n + dxWA))NS = 0' 
where the modes are half- integer, i.e. n in Z + 1/2. The conditions are satisfied by 

1^)) = exp(^- ^{aX-rnf-m + bX-rnf-m-CX-rnf-m-dX-mX-rn))\^) ■ (3-35) 



m>0 
meZ+1/2 
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We introduce ai2 as before, that is tr{AiA2 ^) = au + ai2, and get 



m>0 

( 2 '.'^ 2' 24 



mez+1/2 ^3_3g) 

1\2 1 



— 2 2' 24 

n>0 



n(i+r-'^)(i+r-'^*), 



where ai2 = e^'^*'*. This is the spectrum of an open string constructed similarly as before, 
and in addition demanding antisymmetric boundary conditions in the time-direction. 

3.4 The twisted sectors 

Given any twisted sector we can diagonalize it and thus we can restrict to twists that 
are diagonal. Call the ground state of the sector for nx on which has twists 

^1 _^ g-2.u^i ^2 _^ g2.a^2_ (3 37) 

Then the mode expansions of the fields in these sectors are 

9x'iz) = -EXn-A--^"-'^-' and df{z) = -J:x^+..-("+^)-^ 

Whenever A 7^ 1/2 the boundary conditions are parameterized by just one parameter a 
according to the boundary conditions 

dx^ = adx^ and dx^ = a'^Bx^ ■ (3.39) 

Only to these conditions there exist twisted Ishibashi states. The boundary state has to 
satisfy the usual Ishibashi condition 

Xn+A + «X-n-Al«»A = 0' (-3 

and these are solved by (A* = 1 — A) 



i«;;a 



/ X — ^ CX (X ^ \ 

ATexpl^- ^ _ y X-m+X'X-m+\* - ^^^^X-m+AX-m+Aj/^A • (3.41) 



m>0 



where we fix the normalization to be A/" = e ^'^'^'^ i/4) g^j^^ ^ ^ e^'^*^. The dual 

boundary state is 

x{{a\ = J^nlexpl^Yl -J^xL-xXln-x - ^_ y Xln-x*fm-x*) ■ (3-42) 
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Now we are prepared to compute the amplitudes (note that the conformal dimension of 
the twist state is h\ = — AA*/2 and we use the shorthand aic^a ^ = gSTrr^i-j 

n>0 

n>0 

(3.43) 

where u = e^'^*'^. This is the character of a boundary theory twisted by /ii2 in an orbifold by 
an abehan subgroup Q of SL(2), which is generated by u, see [ID] for a detailed discussion. 

4 Branes in the GL(1|1) WZNW model 

We are finally in a position to apply the symplectic fermion GL(1|1) correspondence 
to boundary states in GL(1|1). GL(1|1) possesses two non-trivial gluing conditions. One 
condition, which we call untwisted since it is given by a trivial gluing automorphism, 
has a two-parameter family of branes corresponding to super conjugacy classes. They 
have been discussed in detail in [16]. The other gluing condition, which we call twisted, 
consists of one volume filling brane. Its boundary state has been discussed in [TH] as a 
rather complicated perturbative expansion from a free scalar times a symplectic fermion 
boundary state. In [15] it was shown that for a particular amplitude this expansion did 
not contribute and computations reduced to computations in the decoupled free scalar 
free fermion model. This was already a first hint of the correspondence now found. 

We can now compute amplitudes between boundary states of different gluing condi- 
tions and construct the corresponding open string theory explicitly. There is another 
puzzle we can unreveal and that is the role of atypical Ishibashi states and their logg 
dependent overlaps. While Ishibashi states corresponding to typical representations have 
true characters as overlap, atypicals might have a logg prefactor, as seen in fl3.15p and 
e.g. [29]. We will see that in the GL(1|1) story, this logg dependence arises by a limiting 
procedure from characters of typical representations. The understanding of the atypical 
Ishibashi states in our context is important for amplitudes involving two branes with 
different gluing conditions. 

4.1 Untwisted Branes 

Let us recall the analysis performed in [H] . Untwisted branes correspond to the gluing 
conditions 

J{z) = J{z) for 2 = z. (4.1) 
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Insertion of the exphcit formulas (12.231) for the currents into above gluing conditions gives 
Dirichlet conditions for the bosonic currents 

duY = , duZ = , hr z = z, (4.2) 

While the fermionic ones generically satisfy Neumann conditions 

e^o'-dx' = -e-^o^^x' and e'^o^^x' = -e^o^^x' • (4.3) 

Thus one parameterizes the branes by their positions labeled by {yo,zo). But whenevei0 
+ YfP = iyo = 27113, s G Z we obtain Dirichlet boundary conditions in all directions, 
bosonic and fermionic ones, 

duY = d^Z = = for z = z. (4.4) 

These branes will be called non-generic (untwisted) branes in the following. 

Let us shortly describe the main results of the minisuperspace analysis performed in 
|16j . The minisuperspace or particle limit describes the behaviour of full field theory 
quantities in the large level limit, k —>■ oo. In this limit the zero modes of the fields 
dominate and thus fields are interpreted as functions on the supergroup, and the action of 
the currents is mimicked by the right and left invariant vector fields Rx and Lx- We are 
interested in semiclassical analogua of Ishibashi states. Minisuperspace Ishibashi states 
are those states invariant under the adjoint action adx = Rx + Lx since the gluing 
automorphism is the identity. What is interesting for our further consideration is that 
there exist two kinds of atypical Ishibashi states. One of them has vanishing overlap with 
itself and is thus associated with fl3.10l) in our correspondence to symplectic fermions, 
while the other one is obtained from the first kind by the action of the fermionic functions 
associated to the fermionic fields c±, and thus it should be identified with (13.121) . Further, 
in the minisuperspace limit boundary states become distributions concentrated on the 
super conjugacy class they correspond to, and this distribution can be expressed in terms 
of minisuperspace Ishibashi states. It turns out that the first kind of Ishibashi state 
contributes to the generic boundary states while the second kind to the non-generic one. 
For more details, we refer the reader to [16], but we will also illustrate the lift of this 
minisuperspace story to the full field theory in the following subsections. 

4.1.1 Ishibashi states 

We now construct the Ishibashi states using our symplectic fermion correspondence. 
Recall that the currents take the form (I2.23P 

= -kdY, = -dZ, r = Vke^'^dx\ J+ = -Vke-^'^dx^ (4.5) 

= kdY, = dZ, J- = -^rke-^''dx\ = Vke^^dx". (4.6) 

^In this section we allow for imaginary brane positions exactly as done in [16j . 
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Further, the fermions have mode expansion as in equation (13.51) and relations (13. 6p (or 
the twisted versions thereof) while the two scalars have expansion 



Y^{z) = K/^ + In z - y - z-^ 
Z\z) = Zo^ + p|ln^-^ 
Z^{z) = + pf In 2 - ^ i 



(4.7) 



and relations 

[Yn^'^.Z^^] = -m6^,.^ and = [^0^'^,^^'^ = -1- (4.8) 

To ensure locality we have py = Py and also Zq = for the conjugate modes. However, 
we will not demand p§ = and correspondingly not Yq = Yf^ since Z has an additive 
twist around our winding states (12.441) . 
The energy momentum tensor is 

T{z) = dYdZ - ^eabdx'dx" and f{z) = ByBZ - ^eabBx^Bx^ (4.9) 
and thus the Virasoro modes are 

Ln 



(4.10) 



-E 
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■ 7^ ■ A- 
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+ E( 
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: Pf ^m^ : 


)+Sn,0P^P^ 











We also need the zero modes of the currents corresponding to the Cartan generators 
and J^: 

Eo = -kpi;., Eo = kp§, No = -p^z, No = pf • (4.11) 

Let us now consider the Ishibashi states. We start by spelling out the Ishibashi conditions 
for the untwisted case. As noted above, the gluing condition J = J means that the bosonic 
fields simply satisfy Dirichlet conditions 

d^Y = d^Z = 0. (4.12) 
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Using these Dirichlet conditions for the field Y = + Y^ the fermionic ones can be 
written as follows 

e'^odx^ = -e-^o«(9x' and e-^o^^x' = -e^'^'^Bx^ ■ (4.13) 

Then correspondingly the Ishibashi conditions for the bosonic fields are 

{Yn'-Y_l) |/)) = |/)) = n^O 

{p'z-P^z) = W-PP) |/)) = 0, ^ • ^ 

note that there is no conditions on the zero modes Y^^ and Yq^. Further, the conditions 
for the fermionic ones are 

(e^»\i-e-^o-;,^„)|/)) = {e-'^^\l-e^o-f_^)\I)) = 0. (4.15) 

The Ishibashi states clearly factorize into a bosonic and a fermionic part and are easily 
constructed as follows. The typical primary of GL(1|1), (e, n)R, is the representation with 
ground state \n, fi\) where \ = e/k satisfying 

Pz\n,fix) = Pz\n,fix) = n\n,fix), .^^^^ 
T R (4.16) 

PY\n,fix) = PY\n,fix) = A|?2,/iA)- 

Further, recall that the fermions have the mode expansion in the presence of the ground 
state fix (13.3 



Z — / ^ Z — / ^ 

n 6 Z+A n e Z+A* 

' ' n < ' n 



^-^ n ^ — ^ n 

neZ+A* neZ+A 

where A* = 1 — A. Then the bosonic Ishibashi state is 



(4.17) 



|n,e))^ = exp(j2l;i^-mZ-m + Z!l^y-m))\n,^x)B, (4.18) 

m>0 



and the fermionic one is computed as (13.411) 



\n,e))p 



exp(^- 2^ ^ _ ^ X-m+AX-m+A - ^ _ X-m+A*X-m+A» jl^,/^A)F • (4.19) 



m > 



and the Ishibashi state is then the product of the two. The following simple computations 
are crucial 
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Introduce Lq = ^{Lq + Lq) and Nq = \{Nq — Nq) as usual. Then we get the fermionic 
contribution of the overlap, that is 



i.((n,e|g^§+i^z^o(-l)^>,e))p = , (4.21) 



n>0 

and the bosonic 

5((n,e|?^§-^^^S(_i)i^>,e))5 = , (4.22) 

where we normalized the dual state such that we get the minus sign. Then in total, we 
arrive at 

{{n,e\q^h''H-ir\n,e)) = z^'^l - z) '^ - z-V){i - zq^ 

' n>0 l^.idj 

= X<e,n>{z,T). 

So far we assumed < A < 1, whenever A becomes zero our Dirichlet symplectic fermion 
boundary states come into the game. There are four of them. Denote by |n, 0) the ground 
state with A^o eigenvalue n, i.e. 

A^ok,0) = n|n,0), £;ok,0) = 0, 

y„|n, 0) = Z„|n, 0) = x"Jn, 0) = xSk, 0) = 0, for m > 0. (4.24) 



Then the Ishibashi states are 

l^o)) 



(E ^ (^-^- + - ^^"'■'^"'xi.X^-. + e-^^'-^^\l^t-m) ) In, 0) , 



m>0 



\n)) = re+lno)), 
and we arrive at the following amplitudes 



(4.25) 



((no|g^S^^o(-l)^») = Xo(/i,r), 
((n|g^"^^"(-l)^>o)) = -Xo(^,r), 



(4.26) 



where 

n>0 

All other amplitudes vanish unless zero modes are inserted. 
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Let us now consider twist states fij^ where A ^ ]0, 1[. We already saw in the second 
section that such states are simply descendants of fi\ where A = A + m for some integer 
m and A g]0, 1[. The state \n, ^j) satisfies the following conditions 

NqIu, fi^) = n\n, fij) and EqIti, ^j) = k{X + m)\n, ^j) . (4.28) 

The Ishibashi state \e,n)) (with e/k = A = A + m) in this representation is obtained from 
the previously constructed ones as 

|e,n)) = e™(^'^-^o«)e"^(^o^+^o^)|e-mA;,n)). (4.29) 

The amplitude is computed using 

and the spectral flow formulas provided in appendix [B] 

((n,e|g^Sz^o(-l)^>,e)) = x<e-mk,n+m>{z - mT,T) = {-irx<e,n>{z,r). (4.31) 
A similar construction holds also for the atypical part. 

4.2 The untwisted boundary states 

Untwisted boundary states were studied in detail in [16], here we recall the states 
and their properties. Atypical Ishibashi states contribute to amplitudes only by a set of 
measure zero, therefore their role has not been fully investigated previously. Here we will 
fill this gap. As we will see in a moment boundary states are represented by an integral 
of Ishibashi states, hence any amplitude is given by an integral of GL(1|1) characters. We 
fix the role of the Ishibashi states by requiring that any integrand of any amplitude is a 
smooth function. Let us be more precise. 

The minisuperspace analysis pjj already suggests that the Ishibashi states |no)) con- 
tribute to generic branes, while the states \n)) contribute to non-generic branes. We will 
see that this is correct. The boundary state corresponding to a generic brane localized at 
izo,yo) with yo ^ 27rs is 

\zo,yo) = \ — / dedn exp(i(n — l/2)yo + iezo) sin^^'^iTfe/k) \e,n)) — 

V k Je^mk 

^ ""^^ (4.32) 



^ /*exp(,(„-l/2),„ + ,™fc„) |„„))' 

^ 'J 



k 

where the superscript m denotes the 7^ spectral flowed state. In order to check the 
consistency of our proposal for the boundary states with world-sheet duality, we compute 
the spectrum between a pair of generic branes, 

(zo,yo|(-l)^^g''»5^°l4,2/;) = rfe'dnV('^'-i)(^o-J/o)W(4-o)sin(^e7A;)x(e',n'>(/f^,r) 

= X(e,n>(/i,1-) - X(e,n+l>(/i,1-) , (4.33) 
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where the momenta e, n are related to the coordinates of the branes according to 

Hy'o - yo) ^ - zp) _ y'^ - yp 

^ 27r ' ^ 271 2n ' 

Let us now turn to the boundary states of non-generic untwisted branes in the GL(1|1) 
WZNW model. The boundary states of elementary branes associated with non-generic 
position parameters zq and yo = 27is, s E Z, are given by 



)= f dedn exp(2TTi{n — l/2)s + iezo) sin ^^'^{ne/k) \e,n)) 

— j dn eyiY> {2tx i{n — 1/2) s + imkzo) |n)) 



(4.34) 

(m) 



We also here verify that the proposed boundary states produce a consistent open string 
spectrum by calculating the overlap between two non-generic boundary states \zq; s) and 

/de'dn' e^'^*("'^-^/^)('^'~'^)+*^'(^o~^'') 
2ki sm^-Ke' /k) 

where the labels n and m in the character are related to the branes' parameters through 

n = V """^ +s-s' , m = s'-s . (4.36) 

ZTT 

The superscript on the character x|™^-'(/i, r) again means we have used the spectral flow 7^ 
see ref . [16] and appendix [Bl The following limit for t any integer shows that in equation 
(14.351) is indeed a hidden r-dependence 



If, e 



lim —— I dn 



2nitn 



e^mk2ki J sin(7re/fc) 



X(e,n) (/i, r) = I dnr e^^^'^xt) (/^^ ^) ■ (4-37) 



Thus we observe that the Ishibashi state |?t,)) (14.261) with its r-dependence is the natural 
atypical Ishibashi state contributing to the atypical boundary state. 
Further, the overlap between a generic and a non-generic state is 

(^o,z/ol(-i)^^g^»5^»l4;^) = I ^e^('^'-V2)(2— .o)W(.^-.o)^ (^^^) 

J k (4.38) 

= X(e,n>(/i,^) , 

where 
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4.3 Twisted boundary state 

The group of outer automorphisms of the Lie superalgebra gl(l|l) is of order 2. We 
aheady discussed the boundary states belonging to the trivial one. The non-trivial one 
defines the following gluing conditions on the currents 

= -P , = -J^ , J+ = -J- , J- = J+ for 2 = z. (4.40) 

This translates into Neumann conditions for the bosonic and the fermionic fields, that is 

dnY = dnZ = hi z = z (4.41) 

implying especially that the left movers of Y coincide with its right movers up to the zero 
modes 

yL_yi? ^ Y^^-Yq^ for z = z. (4.42) 
Thus the gluing conditions for the fermions are 

e^^dy} = e^^d^ , e-""^ = -e^^^^^Bx^ for ^ = z. (4.43) 
The boundary state | is easily constructed as before. It has to satisfy 

(e^o\;^ + e^oV. J I f])) = 0, 
(e-^»\^ - I fi)) = 0, 

which can be computed to be 

oo ^ 

m = v^exp(5^i(nn + ^\n-e^o^-^o\^X^ + e^o-^oV„^^^^ 

71=1 

(4.45) 

Here, |0,0) denotes the vacuum defined by Xn|0)0) = for n > and Z^'^\0,0) = 
YJ^'^\0, ) = Py^\0, ) = Pz'^\0, ) = forn > 0. The dual boundary state is constructed 
analogously. 

Our main aim now is to compute some non- vanishing overlap of the twisted boundary 
state This requires the insertion of the invariant bulk field x^X^^ i-G- 

{{n I fH-ir X'x' I m = ^[ dedn • (4.46) 

2k J sm(7re//cj 

where Lq = {Lq + Lq)/2 and Nq = {Nq + Nq)/2 are obtained from the zero modes of 
the Virasoro field and the current N . Here the normalization in (14.451) by ^/t^ /i was 
importantly This amplitude has been tested in detail in 



(4.44) 



^Note the difference of a \/2 compared to TB] which is due to a misprint there. 
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4.4 Mixed amplitudes and their open strings 

Using the GL(l|l)-symplectic fermion correspondence we were able to construct bound- 
ary states explicitly, and the amplitudes fits with the previously known results calculated 
in GL(1|1). The new explicit formulation also allows us to compute new quantities such 
as overlaps for atypicals 

1. 



((Qi,~-§(-ir5^o |.o;4 = vf(-irn7T 



"=° (4.47) 



n=0 



(1 - g"+t)2 



Note the independence on 2;, no matter whether we take A^q as in the previous section or 
as in the untwisted case, which is natural since there does not exist a distinguished choice 

for A'^Q for mixed amplitudes. 

The corresponding open string theory is easily constructed using our previous experi- 
ence. That is, we demand untwisted gluing conditions on the negative real line 

d^Y = a„z = , 

e^^d^ = -e-^'^d^ , (4.48) 
e~^o^9x^ = —e^^d^ for 2; = z and z^z < ; 

and twisted on the positive one 

dnY = 9„Z = , 
e^o^^x' = e^^^d^ , (4.49) 
e'^^d^ = -e~^o*9x^ for 2; = z and z + z > , 

Then the fermions have a monodromy of order four around the origin 

dx\ze'''') = idx\z) , dx'ize'''') = -idx'{z), (4.50) 

and the bosons a monodromy of order two 

dVize'''') = -dY , dZize^""') = -dZ{z) . (4.51) 

Thus the fermions have mode expansion 



nez+l 



(4.52) 



1 ^ 
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and the bosons 



^-^ n 

z{z) = y] -Zn, 



^ n 

(4.53) 



We define the ground state to be bosonic if s (the position parameter of the non-generic 
brane) is even and fermionic if it is odd. The partition function is then 

„=o (l-g"+2)2 

The amphtude involving typical fields requires as usual zero mode insertions, i.e. 



n (1 - r 

V271 ■ 



n (1 + ?~") 



n=0 

oo 



(4.55) 



and its open string spectrum can be constructed as in the symplectic fermion case. 

In summary, we have been able to give a complete discussion of Cardy boundary states 
in the GL(1|1) WZNW model. This was only possible due to the new formulation in terms 
of symplectic fermions. As a result, we saw that indeed also for the Lie supergroup GL(1| 1) 
Cardy's condition holds, i.e. any amplitude of two boundary states indeed describes an 
open string spectrum. 



5 Outlook 

In this note, we have established a correspondence between the Wess-Zumino-Novikov- 
Witten model on the Lie supergroup GL(1|1) and free scalars plus symplectic fermions. 
This correspondence introduces a new efficient way to study the WZNW model. A natural 
question is whether there exist generalizations of the procedure. GL(1|1) is special in the 
sense that it is level-independent, i.e. rescaling the current by A^, the fermionic 
currents by A and leaving invariant simply changes the level k hj a factor of A^. 
Because of this peculiarity we do not expect our procedure to extend in full generality, but 
still we believe that for other supergroups at special levels such a prescription also applies. 
A first attempt would be to look for free field descriptions. This one can do immediately 
by taking the free Gross-Neveu model of a dimension one half vector transforming in the 
adjoint representation of the desired supergroup similar to what was done by LeClair for 
GL(1|1) tSj. 
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For standard groups the procedure could also be useful. In the case of the model 
one can use the procedure to arrive at a model of two free scalars and the Liouville action. 
However, the vertex operators will take a very complicated form. 

A main motivation to study the correspondence was to serve as a toy model for more 
sophisticated dualities. The guideline in our approach was to rewrite the GL(1|1) currents 
in such a form that they are very symmetric as the currents of a Gross-Neveu model are. 
We hope that this guiding principle can serve as an important step in understanding the 
dualities between the OSp(2N+2|2N) Gross-Neveu model and the principal chiral model 
of the supersphere ^2iv+i|2Af ^ 

Finally, we used the correspondence to construct the boundary states of GL(1|1) and 
verify Cardy's condition, completing the series of investigations fiGl fT5]. Especially, we 
got a picture of atypical Ishibashi states and their contributions. As in other logarithmic 
conformal field theories there exists more than just one Ishibashi state corresponding to 
each atypical representation. Their overlaps might give r-dependent contributions, but 
these Ishibashi states only contributed to atypical boundary states. Based on the insights 
of this note and former work, we should be able to investigate boundary states of other 
Lie supergroups such as SU(1|2). 

We remark, however, that there is still one open problem for branes in GL(1|1). There 
exist branes whose geometry is not a superconjugacy class and which are rather special 
since their spectra are representations that are indecomposable but reducible. Further 
they are peculiar since their dual states are projected out [26]. These objects are not un- 
derstood and it would be interesting to study these in the light of the GL(l|l)-symplectic 
fermion correspondence. 
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A Some formulas concerning theta functions 

Let us recall some facts about the theta function in one variable, a good reference is 
Mumford's first book [30]. 6{^, r) is the unique holomorphic function on C x H, such that 

^(/i + l,r) = e{fi,T), 

0if^+\,r + l) = e{fi,T), (A.l) 

9{fi/r,-l/T) = V^e-'^'"/^9{fi,T), 
lim 9{fi, r) = 1 . 

Im(T)^oo 

The theta functions has a simple expansion as an infinite product, 

oo oo 

e{f,,T) = J](l-g'") J](l+M-V+^/2)(l^^^n+l/2^) ^ ^A 2) 

m=0 n=0 

where q = e'^^^^ and u = e'^^'^^. The following variant is of concern to us 

oo 

^^(/.--(r + l),r)Mr) = {1 - u)q^ - uq^) {l - u-^) • (A.3) 

n=l 

Its behavior under modular 5* transformations which send the arguments of the theta 
function to f = — 1/t and fl = fi/r can be deduced from the properties above. One 
simply finds 

0(^-i(r + l),r)Mr) = -^e"V^^(r(^ - /i) - ^, f)Mf)g^('^-^)' 

(A.4) 

= ze"'^g-i#('^-^)'-^ n ~ g'^+i-/^) (1 - g^+A*) . 

m=0 

B Representation theory of GL(1|1) 

We recall some facts of the representation theory of gl(l|l). A more detailed discussion 
is given in the Appendix of [IB]. 

A useful tool for the investigation of the affine Lie superalgebra gl(l|l) and its rep- 
resentations are automorphisms that do not leave the horizontal subalgebra invariant, 
the spectral flow automorphisms. The relevant one for our purposes [TB], 7^, leaves the 
modes Nn invariant and acts on the remaining ones as 

7^(E„) = E^ + km5nO, lm{^t) = ^n±m- (B-l) 
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These transformations induce a modification of the energy momentum tensor 

7^(L„) = Ln + mNn . (B.2) 
The characters of two representations p and 'jmip) that are related by spectral flow satisfy 

X7m(p)(/^)^) = Xp{f^ + mT,T). (B.3) 
Finally, we state the relevant characters, the typical one is 

X(e,n)(/^,r) = Xj^{p,r) = «'^-^g^(2"-i+^/'=)+V8^(/.-l(r + l),r)^(r)3 (B.4) 
and the atypical one is following [21] 

oo 
1=0 

(B.5) 

^„ ^f(2n+m+l)+l/8^j^^_ 1(^+1)^ 

1 — ng™ vi'^)^ 
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